often elude the uninitiate. However, virtually every design variation ever implemented in nearly four hundred years in North America has its enthusiasts and is still in production (although some more limited than others). Interest in the possible variations is fueled by the many adjustable and swappable parts and by their being not too hard to make. Also, many players imagine that hardware is a key difference between their own performance and that of someone they admire.
Often, a productive approach to a better understanding of the physics is to investigate sub-systems and how they work. One then considers how those systems work together to make the whole. Strings are an example of sub-system whose isolated behavior is simple to understand -at least roughly -and whose coupling to the rest of the instrument is weak. "Weak," here, means that the strings can vibrate through a great many cycles after being plucked before their motion changes appreciably from its isolated form. In general, the motions of sub-systems that are weakly interacting with the whole are recognizable cousins of isolated versions of those sub-systems. Sometimes, clearly distinguishable sub-systems interact so strongly that their individual, simplest motions are lost. In the case of a tone ring sitting on a wood rim, the interaction is typically so strong that the two simply move a relatively small impact on the head motion. The geometry of the pot design defines the possible air motions inside and is known from experience to be an important distinguishing feature of different banjos. The motions of the head and the air separately can be approximated by classic, idealized, solved physics problems. Their interaction already drew the attention of Rayleigh (as a drum, not a banjo [!] ). [2] He noticed that the kettle of the kettledrum helped produce a definite pitch, at least for particular strikes. Others then followed, well into the 20 th Century. The correct equations, at least as linear, first approximations, were never in doubt. The issue has always been extracting properties of their solutions. Following Rayleigh, kettledrum researchers have mostly focused on precise determination of frequencies of low-lying harmonics and/or gross features of the radiated air motion. Sophisticated computer calculations became an essential part of this endeavor. [4] In contrast, my goal is to get a better, overall, qualitative understanding of the banjo. To be honest, the potential for impact on design decisions is remote. At best, it might inspire some choices. But physics has never really played an important role in the development of musical instruments. That's in no small part because people don't even agree on what they hear in a given instance. Furthermore, no one knows how to turn what people hear into quantified descriptors -at least not at the level of discrimination important to music lovers. Inspiration, trial-and-error, and Darwinian evolution are the prime movers of design development.
In an earlier paper [5] , I laid out the simplest picture I could imagine to account for the pot air -head interaction. I then set out to isolate some example where one could see the basic processes in action. I hoped to find something so simple that a few measurements and a bit of algebra would be convincing evidence of the validity of the more general picture.
That was done for the Helmholtz resonance a long time ago with the guitar -and with the banjo. [6] In that case, the air resonance is an overall expansion and contraction that pushes some air in and out of the pot (through the flange or out the back). That couples to the overall up-and-down mode of the soundboard or head. These are typically the lowest modes of the body of a string instrument. (The Helmholtz resonance also couples more weakly to any higher soundboard mode that involves a net flow of air in and then out.)
In the meantime, I came across a very respectable source substantiating an approximation that I described and viewed as essential in my theoretical proposal. [5] In the middle of reviewing modern work on timpani and detailing the author's own approach, ref. [7] notes that, for the range of parameters present in their drums, the full-numerical computer evaluations agree fairly well with a much simpler calculation which is equivalent to what I described in ref. [5] as first-order back-reaction. The approximation rests on the observation that the air has only a small effect on the drum head motion. Its validity depends on the actual values of the physical parameters. And it is certainly only more so for the banjo than the kettledrum -because the head is relatively tighter and the enclosed air volume is much shallower.
For my own experimental endeavor, I ultimately stripped three banjos down to rim and head -no bridge, no strings. That's the simplest possible version of head and enclosed air. The general, linear analysis of the head -air system (as performed in the frequency domain, as opposed to directly in time) involves all of the head normal modes and all of the air normal modes. The added perspective of the "theory" I offered is a way to think about which modes are most important to a given part of the problem. As noted in ref. [5] , one can use one of the standard representations of the Green's functions as a guide. In particular, there is a sum over projections onto and out of an outer product of normal modes. (Whew!)
The hope was to find an air and head pair which interacted more with each other than with any other modes. In such a case, the variation of the observables with the controllable parameters could serve as simple support for the basic notions.
B. Conclusions -the short version
There is no such pair -at least for the range of design parameters typical for the banjo.
A pair would have been singled out as having a particularly strong connection to each other (i.e., relative to the influence of other modes) if their frequencies were near each other and their spatial structures were effective at producing such interaction. The latter requires that they push at roughly the same places at the same time. The opposite would be a case if, over a region where one pushes at a given time, the other pushes in one part of the region and pulls equally effectively in another. The net effects would cancel. The pair of modes would neither be moving together or in opposition.
What one does see is that there is definitely an overall effect of the pot air on the drum motion that depends on the geometry of the pot and the tension of the head. Some of that dependence makes qualitative sense, but the details reflect the net effect of many influences at once. to understanding the drum aspect of the banjo. §IV presents the measured frequency spectra for the head alone and as mounted on the three rims (with a back that simulates openback banjo playing). [9] The spatial structures of the head modes are identified. These identifications show that nearly every air mode has a spatial structure that precludes its talking to the head modes nearest in frequency. Only a couple of cases are even vaguely in accord with how the air might be expected to influence the head. §V discusses how head modes were identified. Chadni figures reveal the head mode spatial structure that goes with each resonant frequency. For the air modes of a cylindrical cavity, simple theory and measurements were previously shown to agree quite well. [6] §VI describes an example of an impact (albeit tiny) of rim stiffness on produced sound.
The particular observed effect is likely too small to be noticeable in actual playing.
Some of the particular aspects of actually doing the measurements are collected in §VII. A concluding §VIII offers reminders that spectra do not tell the whole story of what we hear, even were they to be measured with absolute precision.
III. HEAD MODES WITH DAMPED STRINGS
The circular symmetry of the pot without strings limits which head and pot air modes Consequently, the head in the assembled banjo can excite many more air modes than it can in the symmetric, round drum configuration. And each excited air mode can react back on many more head modes. For a real banjo, matching the number of azimuthal node lines might not be a significant criterion for back-reaction. However, proximity in frequency is always relevant.
A published, professional effort to map head mode shapes using laser interferometry suggests somewhat less severe distortion due to the bridge and strings. (See §VII.B for a DrumDial discussion.) For an ideal, circular membrane, the frequency is proportional to the square root of the tension. The observed frequencies differ by somewhat more than that but might be due to the uncertainties in the tension (from the steepness in tension of the DrumDial and uncertainties in its reading), the extra restoring force on drum motion from the damped strings, and/or the settling of the head during the course of a long series of measurements.
IV. 100 TO 2000 HERTZ, WITH AND WITHOUT THE POT
Frequency spectra are compared in FIG. 2. The sound was produced by multiple taps on the head. Subsequent sections below describe how it was done and how the mode shapes corresponding to the particular peaks were identified.
The first, "head only," spectrum is for a standard mylar head tightened to a reading of 85 on a DrumDial (details in §VII.B). 85 is about the lowest tension reasonable for a mylar head for normal playing. The low head tension is of particular interest here because a higher tension head would move less air and be less influenced by the motion of that air.
And it is that back reaction of the air back onto the head that I wanted to investigate. 91
is about the highest tension available with a standard mylar head. It is particularly useful when identifying the relation between observed, "head only" peaks and the theory of an ideal drum head. The high tension makes its motion less sensitive to other forces, e.g., its own stiffness, air loading, and pressure variations inside the pot.
The DrumDial calibration presented in §VII.B suggests that all peak head frequencies at 85DD should be about 0.74 times their 91DD counterparts. (Those frequencies scale like the square root of the tension, and that works out pretty well.)
The three different rims (heights 2 , 2 3 4 , and 5 5 8 ) are backed with an open-back playing simulator (aka the "belly back"). [9] They have identical, standard heads, all tightened to the same tension as the accompanying "head only" curve. The vertical lines at the bottom of the graph are the air mode frequencies calculated for cylindrical cavities of those dimensions. Previous measurements performed on these same rims (with the head and back replaced by 3 4 plywood) produced frequency peaks at just those frequencies. [6] The four longer lines are common to all three rims. Those frequencies only depend on the common rim diameter because the air pressure is constant in the squat direction, i.e., perpendicular to the head. The three shorter lines are additional resonant frequencies that arise for the deep pot due to an additional variation in that squat direction.
(Analogous resonances for the shallower pots appear at yet higher frequencies.)
The lowest peaks in both graphs reflect the well-understood interaction of the lowest head mode with the Helmholtz resonance of the cavity. [6] (The frequency of the latter decreases with increasing pot volume, but it is also very sensitive to the size of the opening to the outside air. Having not been as careful with that adjustment here as in earlier experiments, I am not concerned by the 2 and 2 3 4 rims appearing slightly out of order in the 85DD plots.) This lowest head mode motion is simply overall up and down, with no nodes except for the stationary edge at the rim. In standard notation, it is the (0,1) mode -for zero diameter node lines and one circular node line (i.e., at the fixed edge). The Helmholz mode is an overall expansion and contraction of the air in the pot, which pushes air in and out its vent.
In the exactly circular, idealized, soluble model, head and air modes with different diameter node numbers do not interact. When followed over a full cycle of the driving frequency, their net effect on each other is zero. In contrast, the number of nodal circles is not crucial because there never is a close spatial match of the head to air modes. That is because the outer edge of the head is always fixed (i.e., is a node line for every mode), while the outer edge of the cylindrical pot is always an "anti-node," i.e., an oscillating maximum of pressure. (There are a few counterexamples, too.)
We should expect the deep pot air modes to have greater influence on the head than the shallower two because there is more air moving at that frequency. The deep mode has more inertia and, therefore, a stronger return force for a given frequency. The deep pot air mode around 1700 Hz might be very relevant to the deep combined modes around 1630 and 1660
Hz, distinguishing the deep rim in that frequency range from the others.
Perhaps the most suggestive case of head -air interaction is around 1800 Hz for the 91DD head. All rims have an air resonance around 1840 Hz. It "pulls" the combined resonance frequencies up from the 1800 Hz head resonance, but it does so most effectively for the deep pot -again, a triumph of inertia. The 1655 Hz air common air resonance might be doing the same sort of thing to the head resonance at 1530 Hz.
With the 85DD head, the three rim resonances line up around 785 Hz, presumably driven by the corresponding 3 node head resonance. The very nearby 1-node air resonance doesn't talk to those, but it does seem to effect the combined modes that originate with the 860 Hz head mode. Again, the deep pot air has the strongest interaction.
All in all, that's pretty disappointing from the perspective of the original goal. However, it's pretty enlightening in terms of how complex the interactions are, at least from the perspective of normal modes.
V. IDENTIFICATION OF HEAD MODES & MAKING CHLADNI FIGURES
Identifying the spatial structure of resonant modes is a crucial step in understanding how they interact. The measured cylinder air modes agree so well with calculated frequencies that there is no reason to doubt the implied spatial structures. Heads are potentially a different story. The simple theory is for membrane vibrations where the only relevant force is a constant, uniform tension. That ignores the inherent stiffness of the head material (which resists stretch, bend, and shear), the inertia of the air that has to be moved as the head moves, and the springiness of that air as it gets compressed and "rarified." So it is reasonable to try to observe the spatial structure of the head modes.
The first obstacle was that banjo heads do not typically exist in isolation, at least not under tension. The tension is usually provided by stretching the head over a rim. The In that theoretical model, all frequencies are calculated dimensionless numbers times a single reference frequency that depends of the tension and mass density of the membrane. When
considering measured values, it is reasonable to normalize the series of frequencies for a given drum head to the value of the (1,1) mode, i.e., the mode with one diameter node line and a fixed circle at its edge. That mode is always sharper in frequency than the lowest, (0,1) mode and is easy to identify. I explored the whole tension range of 85 to 91DD and tried various materials: poppy seeds, chia seeds, and sand of various sizes and origins. I excited the head with a piezo disc double-sticky taped to the head and with a homemade, mechanical driver. I present here only one set. It's not the prettiest, but it was the most useful. It is for 91DD and uses sand purchased at a crafts store. The piezo disc produced distracting static cling; so these figures were generated using a mechanical driver. 85DD gave the sharpest and cleanest lines because it flexes and moves the most. However, at the high end of the 100 to 2000 Hz interval, the modes get very close together. 91DD is closest to an ideal membrane because the ideal model has tension as the only important force. The purpose of generating the Chladni figures was to match mode spatial shapes to the frequencies. In that respect, the 91DD case followed the ideal model perfectly over the frequency range of interest.
FIG. 6. homemade sinusoidal driver, to be attached to an amplified signal generator [11] To generate the figures, I dialed a signal generator to each of the tap spectrum peaks, put its output through an audio amplifier, and connected that to the driver shown in FIG. 6. [11] I touched the hot-glue-tipped dowel of the driver to the head. Paying attention to the initial activity of the sand, I moved the driver to a region of greatest motion. That clearly defined other regions reflecting the circular symmetry. I touched the driver to the head at each of the large-motion regions and repeated until the sand figure was as sharp and symmetric as it was going to get. Photos of those patterns are in FIG. 7 . 
VI. CO-ROD AS AN EXAMPLE OF RIM STIFFNESS
All of the work described above was done on rims with heads and no necks, strings, or bridges. But I had previously done some measurements with the necks attached, and a tiny detail caught my eye. The effect can be traced to having the coordinator rod ("co-rod") in place. For these banjos, that is a Clearly, it dramatically reduces rim motion along the direction of the rod's length.
The lowest frequency rim modes are distortions from round that go in and out in the radial direction. The lowest such mode has four nodes around the circumference.
A very important aspect of systems with circular symmetry was not mentioned thus far because it wasn't relevant as yet and would just complicate the descriptions. But the fact is that every mode with at least one diameter node line is "doubly degenerate." That means that there are actually two distinct modes with the same frequency. The two differ from each other by a rotation. For the lowest rim (ring) mode with four nodes, its degenerate partner has the same shape but is rotated by 45 o . In fact, any combination ("superposition") of those two modes also has the same frequency. That means that the motion can be positioned anywhere around the circle. One can even arrange to have it rotate clockwise or counterclockwise. Drum modes have the same sort of doubling. For a given set of diameter node lines, equally spaced in angle, there is a distinct mode that is rotated relative to the first by half the angle between the original lines. This is true for each (n, m) for n ≥ 1.
Similarly, all ring modes (i.e., with an even number n ≥ 4 of equally spaced nodes around the ring) are doubly degenerate.
We can label positions around the rim by hours on the clock. A co-rod placed between 12:00 and 6:00 adds stiffness to in-and-out motion between those two positions. The originally degenerate lowest mode is now split in frequency. The mode with nodes at 12:00-3:00-6:00-9:00 is stiffer and has a higher frequency than the one with nodes at 1:30-4:30-7:30-10:30.
The lowest frequency head mode that will be effected by the co-rod rim stiffness is (2, 1), in particular the one with node lines connecting 1:30 to 7:30 and 4:30 to 10:30. That head mode's frequency will be raised by the additional rim stiffness because its motion pulls on the rim the most at 12:00, 3:00, 6:00, and 9:00. The (2, 1) head mode rotated by 45 o will be unaffected by the co-rod stiffening. Head taps excite the head modes, and they produce sound. A particular head tap is most effective at exciting a mode if it is located at one of the mode's spatial maxima. The tap is totally ineffective at exciting a particular mode if it is located at a node.
That's the theory. In practice, a small bit of this was actually observed. The evidence is in FIG. 9 . At 91DD, the effect of head tension was sufficiently greater than the rim motion perturbation that no splitting was observed given the resolution of the actual experiment.
However, at 85DD, the (2, 1) mode frequency splitting is quite evident. It behaves qualitatively as expected. Taps along a diameter line parallel to the co-rod are more effective at exciting the higher of the split pair. Taps along a line rotated by 45 o show a relatively much stronger excitation of the lower mode. Indeed, tapping ∼400 times in rapid sequence with a hand-held piano hammer does not provide precise locating. The taps were made all along the diameter line; so their angular positioning was less accurate as they neared the center.
Nevertheless, the effect, with the right qualitative features, is certainly there.
Other modes are also seen to be split for 85DD and not 91DD. However, the chosen two lines of taps, i.e., at 45 o with respect to each other, are not ideal or are even totally ineffective at preferentially exciting one of a pair versus the other. The motivation for all these shenanigans was to understand which peaks in my careful instrument recordings were directly attributable to the instrument and which had to do with the interaction with the room .   FIG. 11 is a dramatic example of the basic physics of wind instruments. The source That is because each reflection also involves some dissipation of the wave energy. Putting the speaker and mic on the floor has an additional benefit. All conceivable paths for reflected waves are much longer than the direct path. This reduces "floor bounce," a phenomenon known to recording engineers, due to the direct sound being effected noticeably by sound that bounces off the floor roughly half way between the source and the mic. The small speaker is not efficient at low frequencies. So, even though the electrical driving amplitude is constant throughout the frequency sweep, the generated sound increases in amplitude as the frequency increases. 
head taps: reproducibility
The are several ways to produce sound which can be analyzed for its frequency spectrum.
For the analysis presented here, I opted for a long sequence of head taps with a piano hammer. Except where otherwise noted, it's about 400 taps distributed uniformly around on the head. A reasonable alternative is a piezo disk, stuck to the head, driven by a signal generator. In that case, the strength of various peaks would depend strongly on the position of the piezo -and some would be absent if they had a node there. For a different study, a piezo tucked between the foot of the bridge (with tensioned strings) and the head would certainly be of interest. That, after all, is where the strings excite the head, and the resulting sound is certainly depends on that position. Whatever determined the positions of the peaks did the same in both runs. The upper two curves are displaced together by a fixed amount in dB from the lower two to make the relevant comparisons more visible. Those two runs were separated by a couple of weeks.
Masking tape marked the approximate floor position over that period, but objects were moved in the room. The biggest difference between the two curves is a systematic fractional shift of the peak frequencies, implying a slight difference in tension. I regard the magnitude as well within the variation in DrumDial reading and the possible settling of a head in the hours after last checking. (On many days, the head tension was readjusted a few times rather than letting it sit and stabilize for days.) The commercial Drumdial has a spring-loaded plunger that can depress the drum head relative to the outer circumference of the DrumDial bottom when it is placed on the head.
The magnitude of that depression shows up on the dial.
I wrote to the DrumDial Corp., and they cheerfully sent me their version of a conversion Frequency analysis, normal modes, resonant frequencies, &c. are very useful, welldeveloped concepts in many areas of physics. The "measured" spectra presented here are evaluated for some entire time interval, e.g., the duration of a tap sound (and then repeated multiple times to get a stable, higher resolution spectrum). But the spectrum does not contain all the information of the recorded sound. Yes, there is an information-preserving transformation from sound-in-time to sound-in-frequency. However, the frequency domain description packs very important features into phase relations between different frequencies.
A single clap of thunder and the sound of a waterfall can have very similar frequency spectra.
They certainly differ in their time dependence. In terms of a frequency description, that difference goes into the phases, which are not mentioned when talking spectra.
A spectrogram is an attempt to get timing information into a frequency analysis. 
